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Abstract 

We demonstrate that by employing the correspondence between gauge theories in geometric 
and in deconstructed extra dimensions, it is possible to transfer the methods for calculating 
finite Casimir energy densities in higher dimensions to the four-dimensional deconstruction 
setup. By this means, one obtains an unambiguous and well-defined prescription to deter- 
mine finite vacuum energy contributions of four-dimensional quantum fields which have a 
higher-dimensional correspondence. Thereby, large kink masses lead to an exponentially 
suppressed Casimir effect. For a specific model, we hence arrive at a small and positive 
contribution to the cosmological constant in agreement with observations. 
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1 Introduction 



The idea of Kaluza-Klein (KK) compactification [I] of extra spatial dimensions offers the 
attractive possibility to obtain realistic four-dimensional (4D) gauge theories from a simpler 
higher-dimensional setup [2]. In this approach, the 4D theory which emerges after dimen- 
sional reduction is generally characterized by a tower of KK modes [31 • Here, the maximum 
number of KK modes is restricted by an ultraviolet (UV) cutoff which reflects the fact that 
non-Abelian gauge theories in higher dimensions are non-renormalizable. Although this 
leads below the cutoff to a renormalizable effective 4D theory, the full higher-dimensional 
gauge-invariance is in general lost. Recently, however, a class of manifestly gauge-invariant 
and renormalizable 4D gauge theories has been proposed [HE] which reproduce higher- 
dimensional physics in their infrared (IR) limit. These "deconstructed" higher-dimensional 
gauge theories 1 use the transverse lattice technique as a gauge-invariant regulator to 
describe the extra dimensions and can be viewed as viable UV completions of theories in 
more than four space-time dimensions [8j. 

One interesting aspect of compactified extra dimensions is, that quantum fields in such 
a non-trivial space-time give rise to the Casimir effect [H], inducing a non- vanishing fi- 
nite vacuum energy. The associated Casimir force can be attractive and contract the 
compactified extra dimensions to a size which is sufficiently small so as to have escaped 
experimental detection so far [TH]- Upon integrating out the extra dimensions, the Casimir 
energies have additionally the interesting property that they appear as an effective cosmo- 
logical constant A or vacuum energy in the 4D subspace. Indeed, recent cosmological and 
astrophysical observations [H] indicate that the universe is currently in an accelerating ex- 
pansion phase which is most likely driven by a positive A. To be near to the observational 
value p bs ~ 10~ 47 GeV 4 of the vacuum energy density in the universe, the generation of A 
via Casimir energies requires a compactification radius R/{2n) in the sub-mm range [T2~] . 
Actually, in the model of Arkani-Hamed, Dimopoulos, and Dvali (ADD) for compactified 
extra dimensions |13| . the fundamental scale M* of quantum gravity may be lowered from 
the 4D Planck scale M P1 ~ 10 19 GeV down to the TeV scale, when the compactification 
radius is of sub-mm size. Such "large" extra dimensions may be possible if all Standard 
Model (SM) gauge and other degrees of freedom are confined to a 4D subspace, i.e., on a 
"3-brane", which can be understood in certain types of string theory [H]. Additional SM 
singlet fields, on the other hand, can freely propagate in the bulk and give rise to a char- 
acteristic mixing pattern with SM fields [03 • For gravity freely propagating in the bulk, 
however, large extra dimensions are already close to be ruled out by tests of the theory of 
gravity [IB] and supernova emission of KK-gravitons [Ej which in total implies that the 
compactification radius is smaller than 100 /mi. In most formulations of deconstruction, 
on the other hand, gravity is completely decoupled. A priori, a deconstructed version of 



1 For an early approach in the context of infinite arrays of gauge theories see, e.g. [g] 
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the ADD-scheme can therefore give a realistic value of A via the Casimir effect without 
running into conflict with the bounds from gravitational physics. 

In a flat Minkowski world, quantum fields also provide a vacuum energy in the form of 
infinite zero-point energies. Unfortunately, in absence of a characteristic length scale like, 
e.g., the compactification scale in KK theories, a procedure to calculate a reasonable value 
of this energy is not known. Naive estimations using common particle physics scales as 
cutoff yield only unrealistically high values for the vacuum energy density which constitutes 
one part of the cosmological constant problem [TH]. Since the effective Lagrangians of KK 
modes provided by deconstruction are also defined in Minkowski space-time, one could, at 
first instance, expect these theories to suffer from similar problems of zero-point energies. 
However, in this paper we demonstrate that by insisting on the correspondence between 
gauge theories in geometric and in deconstructed extra dimensions, it is possible to transfer 
the methods for calculating finite Casimir energy densities in higher dimensions to the 
4D deconstruction setup. By this means, one obtains an unambiguous and well-defined 
prescription to determine finite vacuum energies of 4D quantum fields which have a higher- 
dimensional correspondence. Here, we propose that the smallness of A can be achieved 
by a replicated type-II seesaw mechanism (THIED! which "naturally" generates the large 
length scale R ~ 100 /im in the deconstructed theory. This has the advantage, that we 
need only a small number of KK modes to obtain a realistic A, which is in contrast to a 
naive latticization of the ADD-scheme, where a short distance cutoff of order aT 1 ~ 1 TeV 
would require a rather large number of N = Ra ~ 10 12 lattice sites. In particular, we 
calculate the Casimir energies for fields of different spin, which propagate in a compactified 
latticized 5th dimension. As a result, we find that a bulk-Dirac particle gives a value for A 
in agreement with observations. In addition, we show that unwanted contributions to A 
from quantum fields with large kink (or bulk) masses are exponentially suppressed and can 
hence be neglected. 

The paper is organized as follows: First, in Sec. El we formulate the model for deconstructed 
large extra dimensions. Next, we calculate in SecElthe Casimir energies of scalar (Sec. l3.lj) 
and fermionic (Sec. 13 .2j) bulk fields which are propagating in a latticized 5th dimension. 
Then, we analyze in Sec. I3.4l the exponential suppression of the unwanted Casimir energies 
by a kink mass. These results are related to the model of dimensional deconstruction in 
Sec. |H In Sec. El we match the lattice-calculations onto the continuum theory. Finally, 
in Sec. El we present our summary and conclusions. Additionally, we minimize in Ap- 
pendix El the scalar potential involved in deconstruction. Moreover, explicit calculations 
for the energy density, pressure, and the renormalization of these quantities are presented 
in Appendix FBI and Appendix O 
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2 Deconstructing Large Extra Dimensions 



In this section, we present first the model for deconstructed large extra dimensions. Then, 
we discuss the 5D kinetic terms for gauge bosons, fermions, and scalars before we outline 
some phenomenological features of embedding the deconstructed space into a disk. 

Sub-mm lattice spacings 

Let us start with the periodic model for a deconstructed 5D £7(1) gauge theory compactified 
on the circle S 1 [HE]. The setup is defined by an U(1) N = n^ 1 f/(l)j product gauge group 
with N scalar link variables Qi (i = 1, . . . ,N), where the link field Qi carries the Un- 
charges (q, —q) under the neighboring groups U{l)i x {7(l) i+1 . The identification i + N = 
i establishes the periodicity of the lattice. 2 On the ith lattice site, we put one Dirac 
fermion and one scalar <3>j which carry both the charge — q of the group U(l)i. Here, the 
fermions are SM-singlets and correspond to a right-handed bulk neutrino in the ADD 
scheme The corresponding "moose" [21] or "quiver" [22] diagram is shown in Fig. [TJ 

The Lagrangian of this field theory can be split into several parts, 

C = £ kin l<S> h Qi] + C^Afi + C kiQ [^i} + C mam [%, Qi] - V, 

where £ Mn [A?] = £n =1 - - d„A nfl ) 2 and £ kin [^] = E^i *«7m(^ " WnA£)* n 

are the standard kinetic terms for the gauge bosons A? and the fermions respectively. 
Here, £km[®uQi] denotes the kinetic terms for the scalars $j and Qi, which provide the 
gauge boson masses. Moreover, we combine the mass and mixing terms involving the 
fermions and the link fields Qi into £ mass [\l/;, Qi}. 

The most general renormalizable scalar potential V consistent with the symmetries reads 

N r . 1 

m 2 $l$, + M 2 QlQ, + -A^^) 2 + -\ 2 (QtQi) 2 



i=l 

i=i 

+\ 4 $\$ i <i, ; <1 ', + hQtQi £ Q)Qi 

+\ 6 QiQ i+ i$M +2 + KQUiQt*M*i] > (!) 

where Ai, A2, • • • , A5 are dimensionless real parameters of order unity and Xq is a complex- 
valued order unity coefficient. In Eq. (JTJ, we can take the dimensionful quantities m and \i 
to be of the order of the electroweak scale \m\ , \n\ ~ 10 2 GeV and we take the mass M of 

2 To account for twisted quantum fields, we will consider in Sec. 13.11 an anti-periodic lattice with the 
condition i + N = —i. 
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Figure 1: View at the sites i, i + 1, and i + 2 of the moose diagram for a deconstructed large extra 
dimension compactified on S , Each circle corresponds to one U(l)i = G{ gauge group 
and each arrow pointing towards (outwards) a circle represents a field with negative 
(positive) charge under this group. 



the link fields to be very large, i.e., \M\ ^> \m\ , Moreover, the square m 2 is chosen to 
be negative while M 2 is positive in order to obtain spontaneous symmetry breaking (SSB). 
Note that for a supersymmetric case, the term A6 would have to vanish at the renormalizable 
level due to the holomorphy of the superpotential and the phase of /x could be absorbed 
into the Yukawa couplings of the fermions In the following, the parameters /x and Xq 
are therefore chosen to be real and /x < 0. We minimize the potential by going to the real 
basis 



Qi 



(2) 



where we are interested in a minimum of V with the following vacuum structure 



(Qi) 



<**> 



1,2 xV, 



(3) 



i.e., all link variables Qi have a real universal vacuum expectation value (VEV) u and 
all site variables $j have a real universal VEV v. The conditions for an extremum of 
the potential V are dV/d(j)^' b = dV/dq°' ,b = 0, where the explicit forms are given in the 
Eqs. {HEJ), (EH), (EH), and JSHJ in Appendix El Requiring dV/dcjyl = leads for the VEVs 
in Eq. Q to the minimization condition 



m 2 + [Ai + (N — 1)A 4 ] + (A^A 3 + -A 6 )xx 2 + fiu = 0, 



(4) 



where (dV/d4>\) = is automatically fulfilled for these VEVs. Demanding dV/dql = 
yields with Eq. (j3J) the minimization condition 



xt 



M 2 + (A 2 + (N — 1)A 5 ) xx 2 + (N\ 3 + -A 6 )x; 2 



2^ 



0. 



(5) 
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and (dV/dq^) = is again satisfied for these VEVs. Solving Eq. (JH) for v 2 and substituting 
v 2 into Eq. (jHJ), we obtain a cubic equation for u, which has the real solution 

where we have expanded for large M. From Eq. (J^J) we conclude that for large M 3> v,m 
and moderate N, one obtains a naturally small and positive value for u, since the VEVs of 
the link variables are suppressed via the type-II seesaw mechanism 3 [1011201 • Furthermore, 
from the Eqs. (J3J) and one finds 

Choosing the masses of the link fields in the range M ~ 10 8 . . . 10 9 GeV, we therefore 
obtain v ~ 10 2 GeV and a seesaw suppressed value u ~ 1CT 1 . . . 1CT 3 eV of the inverse 
lattice spacing which corresponds to a sub-mm separation of the lattice sites. 

Kinetic and mass terms 

The mass spectrum of the gauge bosons A ifi arises via the Higgs mechanism from the kinetic 
terms of the scalars and Qi\ 

N 



N 



E2 I 1 2 

lid,, + igiA ifl )^i\ +\(d^ + ig i A i ^-ig i+1 A {i+1) ^)Q i \ . (8) 



i=l 



Let us now examine in some more detail how £kj n [$i, Qi) reproduces a 5D U(l) gauge theory 
compactified on S 1 . For this purpose, we denote by y) the bulk coordinates and by A 5 
the 5th component of the bulk U(l) gauge group. When the fields Q n are interpreted as 
the Higgs links 4 

u ( ya(n+i) \ u 

Qn = —7=— exp ig n / &yA 5 (x»,y) = — =— exp(ig n aA n5 ), (9) 
V2g n \ Jan J V2g n 

where a is the spacing between neighboring branes, we observe that Ei=i( D ^Y D>1 Q^ 
becomes a lattice approximation of the 5D gauge kinetic term 

i N i r R 

- ^{DyQ^D^Qi — ► -t / dyid^-d^) 2 , R = Na. 



3 The hierarchy m,^<Mis part of this mechanism. Therefore stability against quantum corrections is 

achieved as long as the seesaw type-II mechanism is operative. 
4 For a detailed discussion of deconstructed 5D QED see, e.g., Ref. |23] , 
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Actually, in the non-linear sigma model approximation, Q n can be written as 



Q, 



u 



V2g, 



exp(z# n 7r n (:r M )/w) 



(10) 



where vr n (x M ) is the Nambu-Goldstone boson field associated with Q n . Comparison with 
Eq. Q shows that the effective physical degrees of freedom of the non-linear sigma model 
field in Eq. ([TTlj) are completely captured by the gauge boson and (pseudo) Nambu-Goldstone 
boson sectors. For universal gauge couplings g^ = g, we obtain from the last line in Eq. (JB|) 
the gauge boson mass terms 



N 



g 2 J2F^ + AA,-A {t+1) ,f] 



i=i 



where the VEVs v = and u = (Qi) have already been inserted. After diagonalization, 
the mass eigenvalues M n of the gauge bosons read 



Mi = 0V + 2g V 



n 

COS27T — 

N 



n 



1. 



N. 



(12) 



This spectrum can be interpreted as follows: For n <C N or \n — N\ C iV the link fields 
generate a linear KK spectrum ~ n/R — ngu/N with an overall mass scale u ~ 10~ 2 eV. 
The fields <3>j provide in addition for the gauge bosons a constant kink mass 5 of the order v ~ 
10 2 GeV. In Sec. 13.41 we will show that this comparably large kink mass suppresses the 
resulting Casimir energy, which would, for bosonic fields, imply a negative cosmological 
constant. 

The Lagrangian £ mass [\l/j, Qi] contains terms of the type Qj^ / iL^(i+i)R + h.c. which give 
after SSB fermion masses of order u. In our 4D model, a "naive" transverse lattice of the 
5D U(l) theory for a bulk fermion is easily accommodated by taking the mass and mixing 
terms to be 



N 



n=l 



^^72 T 

W( n+ 1)R 

u u 



Qn— 



(n-l)R 



+ h.c. 



(13) 



which represents the kinetic term of the fermion in the 5th dimension 6 . In the IR, the 
Lagrangian in Eq. ([T3|) generates identical KK towers for the left- and right-handed states 
with masses in the sub-eV range. The exact form of the KK mass spectra of the fermions 
will be calculated in Sec. |U where the kinetic term will also be modified to cope with the 
fermion doubling problem, which occurs in the naive treatment of the fermions. As a result 
of the small inverse lattice spacing u, we will show in Sec. 13.21 that, the fermionic Casimir 
energy induces a small positive cosmological constant for small N. 



5 For deconstructed supersymmetric gauge theories the wave function profile has been analyzed in Ref. 

6 An explicit fermion mass term can be forbidden by an appropriate discrete symmetry, see Sec. 21 



7 



It is also possible to interpret the set of scalars $j as one 5D massive scalar on a transverse 
lattice. The corresponding deconstruction Lagrangian reads 



iV 



£ [(Dfli) 2 + (m 2 + Ml) |$,| 2 + Ax |$, 




) 



(14) 



where the terms in the last line mimic in the IR the effects of — Yui=i Ms ~~ Qi®i+i/ u \ ~^ 
J dy (-D 5 $) 2 . Here, the scale M b defines the lattice spacing in the 5th dimension and the Qi 
are taken as link fields. Choosing M£ — fj,u ~ (10 4 — 10 5 eV) 2 , we recover similar terms 
as in the potential V in Eq. JTJ). The resulting KK mass spectrum corresponds to the one 
for the gauge bosons in Eq. (|T2|) , but with a compactification scale of the order M h and a 
constant kink mass m ~ 10 2 GeV. The latter one is large enough to significantly suppress 
the Casimir effect for the fields in a manner similar to the gauge bosons. Note that the 
terms in V with coefficients A 3 , A 5 , and A 6 can be neglected with respect to the expression 
in Eq. (j!4)) . since they become ~ u 2 v 2 . Furthermore, the term with coefficient A4 must be 
forbidden when requiring for the fields $j only "local" interactions. In such a case, Eq. (fTH) 
describes very well all scalar interactions in V which involve the fields Note again, that 
(at the renormalizable level) in a supersymmetric case A4 = due to the holomorphy of 
the superpotential. 

Embedding into a disk 

So far, we have viewed the fields $j as scalar site variables. The potential V, however, 
possesses a global symmetry which allows to interpret the fields <3>; also as link variables 
by gauging the symmetry. In fact, we can embed the latticized 5th dimension into a disk 
by adding one further U{1) gauge group U(l) under which all scalars $j (i — 1, . . . , N) 
carry the same charge +1 while the link fields Qi and the fermions ^ are all singlets 
under Z7 (l)o- The moose diagram for these symmetries is shown in Fig. 01 where the extra 
gauge group Z7 (l)o has been placed in the center of a disk whose boundary is the latticized 
circle discussed above. Obviously, the addition of the U(l) group has promoted the scalar 
site variables from the previous model to link fields, since each $j is now charged as (+1, —1) 
under the product group U{1)q x C/(l)j. Topological properties of this lattice geometry 
have been analyzed in Ref. and its relation to the doublet-triplet splitting problem 
was addressed in Ref. [26J. It is important to note, that the extra gauge group U{1)q does 
not affect the scalar potential V and hence the replicated type-II seesaw mechanism which 
ensures the smallness of the VEVs u = (Qi) ~ 10~ 2 eV remains unaltered. Choosing the 
gauge coupling of Z7 (l)o to be equal to the other U(l)i gauge couplings g, the Lagrangian 
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Figure 2: Moose diagram obtained from the latticized circle by adding one further gauge 
group U(l)o to the center. Each scalar <3?j carries the charge +1 under U(l)o and 
thus connects as a link field the groups £/(l)o and U(l)i. 



generating the gauge boson masses can be written as 

N 



£[$i,Qi] = ^\{d u -igA^ + igA^)$i\ 2 + \(d^ + igA i ^-igA i i +l)ll )Q i \ 2 . 



i=i 



In the basis (Aq, A 1 ^, A^, A%, ■ ■ ■ , A^ r _ 1 ), the (N+l) x (iV+1) gauge boson mass matrix M 2 
takes the form 



M 2 = g 2 v 2 



( N -1 -1 -1 
-110 
-10 10 
-10 1 

V : • ; ; 



..A 


/ 








+ 9 2 u 2 


•7 


\ 



2-10 
0-12-1 
0-12 



where the bottom-right NxN submatrix of M 2 is just the gauge boson mass matrix 
in Eq. (fTTll . Therefore, the mass eigenstates A£ (n = 1,...,N) of this submatrix have 
masses M n as in Eq. (jUJ). Hence, M 2 can be brought to diagonal form in two steps. First, we 
diagonalize the down-right NxN submatrix which gives in the basis (Aq, A^ Ni A^, A^, . . . , A ll N _^ l 
a matrix of the structure 

/ N 



M 



2 2 

9 v 



N 














V 









■A 




(0 


























Ml 


















+ 








M 2 


























M| 








J 




V 
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We therefore see, that the rotation in the NxN sub-space has almost diagonalized the total 
mass matrix. Next, the diagonalization of M 2 is completed by a rotation in the (Aq, A^) 
subspace an ang le 6 = arctan[|( ^4 + (N - l) 2 /N - (N-l)/VN)\. From this we observe, 
that Ai, A%, . . . , ^4jv_x are mass eigenstates of M 2 since the mixing of these states with Aq 
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is zero. In other words, A^, A%, . . . , A^ r _ 1 are exactly localized on the boundary of the 
disk. The remaining two gauge boson mass eigenstates of M 2 are linear combinations 
of Aq and A^ N which are parameterized by the mixing angle 6. In configuration space, the 
wave function profiles of these mass eigenstates read 1/ ^N(N + 1) • (N, —1, —1, . . . , —1), 
which has mass gv\/N + 1, and 1/y/N + 1 ■ (1, 1, . . . , 1), which is a zero mode. Obviously, 
the former massive state is primarily composed of Aq and becomes arbitrarily well located 
on the site in the center for ^ 1. Correspondingly, the flat distribution of the zero 
mode over the disk shows that the admixture of Aq to the zero mode vanishes in the 
limit N — > oo. Indeed, for large iV the mixing angle is approximately 8 ~ y/N/(N — 1) 
and the field Aq "decouples" from the rest of the gauge bosons such that we effectively 
recover on the boundary of the disk a deconstructed 5D U(l) gauge theory as above. Note 
that in V , each tri-linear term oc corresponds in Fig. [2] to a small triangle and 

is therefore interpreted as a gauge-invariant plaquette term with trivial holonomy in the 
lowest energy state. The system with real VEVs as in Eq. Q is gauge-equivalent with a 
vacuum structure 

(Q n ) = u-e^ N , (<$> n )=ye l2 ™' N , n = l,...,N, 

which maintains an equivalence between the links on the boundary under a rotation of the 
disk by an angle 2n/N . This rotation yields a representation of the fundamental group of 
the boundary, which is Zn [26J. 

3 Casimir Energies and the Cosmological Constant 

The Casimir effect is a notable exception from the normal ordering procedure in quantum 
field theories. It occurs when quantum fields have to obey certain boundary conditions, 
e.g., the electric component of the photon field, restricted between two parallel conducting 
plates, has to vanish on the plates. This causes a geometry dependent vacuum energy 
density inducing a force on the plates. Therefore, the Casimir effect is a macroscopic 
quantum phenomenon, which is experimentally well established [££|. For a recent review 
of the effect and its applications see, e.g., Ref. [28j. 

It has been pointed out, that the Casimir effect is also relevant in higher-dimensional 
theories [10], where the bulk fields are subject to boundary conditions associated with a 
non-trivial space-time topology. To establish contact with the discussion in Sec. let us 
from now on restrict our considerations mainly to the Casimir effect in a 5D U(l) gauge 
theory compactified on the circle S 1 with circumference R. After integrating out the extra 
dimension, the number of KK modes for each bulk field is typically given by A" ~ M*R/2ir. 
In the effective 4D description, each mode contributes, upon quantization, a divergent 
amount of zero-point energy to the total vacuum energy density, which has the form of 
a cosmological constant. Even for quantum fields in flat Minkowski space-time, there are 
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always such contributions, which are usually discarded by normal-ordering. These divergent 
terms arise as VEVs of the Hamiltonian density H, which can be written as an integral over 
the energy u(p) of a field mode with momentum p and mass M, i.e., (H) oc J d 3 p • u>(p) 
with uj 1 = p 2 + M 2 . In the effective 4D description of the extra-dimensional theory, the 
total energy density of the N KK field modes can then be brought into the form 

N r / 

p OC 

n=l J 

where the function f(n) depends on N, R, and the spin of the fields. Without any knowledge 
of the 5th dimension, it would not be clear how to put these UV divergent expressions in 
a sensible (finite) form. However, since we can interpret the KK tower in terms of an 
underlying higher-dimensional theory with certain boundary conditions, the 5D Casimir 
effect provides a well-known procedure to handle these UV divergences in four dimensions. 
With this, one obtains an unambiguous finite expression for the vacuum energy. 

Since the UV divergences are all subtracted in the renormalization program, Casimir en- 
ergies can be regarded as an IR effect which is insensitive to the UV details of the theory. 
We hence expect essentially similar Casimir energies to emerge in a class of models which 
have identical 5D physics as an IR limit but may differ significantly in the UV. In this 
section, we shall examine this aspect more properly by considering the Casimir effect for 
a 5D theory which is treated in the UV as a transverse lattice for the extra dimension. 7 
In this framework, we will hence be working in a total manifold with topology M. x «S lat , 
where M. is the (continuous) Minkowski space and <S ]at denotes the latticized 5th dimension 
compactified on the circle. 

In Sec. 13. 1[ we first discuss the possible field configurations in M. x S 1 before we determine 
the Casimir energy for a real 5D scalar field and calculate the effective cosmological 
constant in the transverse lattice. The results for other bosonic fields differ at most by 
a simple factor, taking into account the degrees of freedom, e.g., one massive vector field 
counts as 3 real scalars. Next, in Sec. 13 .2\ we will perform the analogical calculation for 
Dirac fermions. Finally, we briefly summarize in Sec. l3.3l our results for massless fields, and 
in Sec. 13.41 we discuss the effect of a kink mass term. 

3.1 The Casimir effect for scalar fields 

At the quantum level, global properties of non-trivial space-time topology may be probed 
by the Casimir effect which is sensitive to the IR structure of a theory. In this context, the 
existence of inequivalent field configurations associated with the different boundary condi- 
tions in the space-time manifold is of special interest. The impact of boundary conditions 

7 For a related discussion of vacuum energy in a multi-graviton theory see Ref. |29] . 
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on the Casimir energies of fields propagating in a non-trivial space-time becomes already 
evident for the simple example of a 5D theory with topology A4 x S 1 . For this case, let us 
now describe the possible field configurations in the language of orbifolds 8 . To this end, we 
consider a 5D scalar field defined on the simply connected manifold M. x R 1 , where the 
real line R 1 is described by the coordinate y. We assume that R 1 and the field are both 
subject to a discrete symmetry group K. Here, we actually take K — Z, the additive group 
of integers. The group K acts on R 1 as K : y — > y + m ■ R, where m e K and R is some 
finite displacement, while the action of K on is K : — > D(m)0, where D(m) is some 
(matrix) representation of K. Now, one can orbifold the theory by requiring the field to be 
invariant under both these actions. Then, the equivalence relation y ~ y + R imposed by K 
on R 1 constrains the true physical space to be the smooth 9 manifold M. xR 1 /Z = M. x S 1 , 
where the circle S 1 has the circumference R. For the simple case of a real field 0, we can 
take the matrices D(m), m G K to form a representation of GX(1,R) ~ 0(1, E) which 
is just the group Z 2 = {+1,-1}. As a result, 0(y = 0) and 4>{y = R) are only equal 
up to a sign, which can also be understood in the context of fibre bundle theory. In this 
framework [31 J , the field is interpreted as a cross section 10 of a vector bundle, where 
the fibre is a real line R. Then we have two possibilities to attach the fibre on the base 
space M x^ 1 . The first one corresponds to forming a product bundle of the base space 
and the real line, implying a cylinder-like structure and thus periodic boundary conditions 
for the field, 4>(y + R) = <p(y). On the other hand, one can form a non-product bundle by 
twisting the fibres which yields a Mobius band and therefore, 0, as a cross section, obeys 
anti-periodic boundary conditions 

4>(y + mR) = (-l) m ct>(y), m e Z, 

because one must cycle twice through the circle S 1 to completely traverse the Mobius band. 
In the latter case, the field is called a twisted field, whereas cross sections through the 
product bundle are untwisted fields. Locally, both bundle types have the same product 
structure, but globally they differ significantly. These two bundles are the only ones that 
can be formed by gluing together two trivial real vector bundles. They represent the two 
possibilities of matching the vector bundles by transition functions, which are the elements 
of the structure group, in our case Z 2 , that acts on the fibre R 1 . Since untwisted and twisted 
bundles provide inequivalent cross sections, they yield inequivalent degrees of freedom of 
the field 0, which must be considered in the Casimir effect. 

Turning to the calculation of Casimir energies, we will first treat the compactified extra 
dimension to be continuous, before we examine the lattice description. As above, the 
position in the extra-dimensional space is described by the spatial coordinate y and the 
corresponding momentum is called q. For a real bulk-scalar in the flat manifold A4 x S , 

8 We follow here the treatment of Ref. (2QJ. 

9 This is a result of K acting freely, i.e., K has no fixed points in E 1 . 

10 A cross section of a bundle assigns to each point in the base space a vector in the fibre over that point. 
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it is sensible to use the plane wave Ansatz 

4>(t, x,y) — A - exp(iut — ipx — iqy), (15) 

where A is a normalization factor. As discussed previously, the untwisted field configuration 
is fixed by periodic boundary conditions, 

4>{y + R) = 4>{y) e~^ R = l, 

implying a discrete momentum spectrum: 

q = 2vr^, neZ. (16) 
R 

For twisted fields we use anti-periodic boundary conditions 

<P(y + mR) = (-l)">(y), meZ e~ iqR = -1, 

which yield the discrete momentum spectrum 

q = 2 ^ n ~*\ neZ. (17) 
R 

Since this is the only difference which is relevant for the following calculations, we will work 
with untwisted fields and replace n by n — 1/2 when needed. 

Discretization 

Taking the latticized nature of the 5th dimension into account, the discretization of the 
circle S l also forces the coordinate y to be discrete. Assuming lattice sites with a 
universal lattice spacing a, the circumference of the 5th dimension is given by R = Na, 
and the position y of each site can be described by a coordinate index j, 

y = a-j, j = l,...,N. (18) 

From the standard definition for a derivative in the continuum, 

ay a->o a 
follows the discrete forward and backward difference operators d$(j> and (<9s0)^: 

§| — (^50) := a-\4>{j + l)-4>{j)l 
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By inserting the Ansatz (fT51) for we find 



«9 5 = a-\e-^ a - 1)0, (9 5 0) f = a-\l - e^ a ) 



and 



d\d 5 (f) = —2a 2 (1 — cos qa)4>- 
The Klein-Gordon equation for a real 5D scalar field with mass M s reads 



|,-V 2 -^ 5 + M 2 



0. 



and determines the energy uj of a field mode with the momenta p and q: 

uj 2 = p 2 + m 2 , m 2 : = 2gT 2 (1 - cosga) + M 2 . 



The 5D energy-momentum tensor of the real scalar field has the form 

Tab = (0,A) t (0, B ) - lgAB9 CJ3 (M\M + ^abM 2 ^^ (19) 



where A,B,C, . . . are 5D coordinate indices. Here, A = is the time-like index, A = 1, 2, 3 
are spatial indices, corresponding to the uncompactified 3-space, and A = 5 characterizes 
the extra spatial dimension. The 5D energy density ps is the 00-component of Tab- 

p 5 = T 00 = ^(5 o 0)t(9 o 0) + ^(V0)t(V0) + I(<9 5 0)t(<9 5 0) + ^M 2 0t0. (20) 

By averaging over all directions of the isotropic 3-space, we obtain the pressure p$ of the 
scalar field 0: 



(V0)t(V0) + ^00)^00) - i(V0)t(V0) - i(<9 5 0)t(«9 5 



P5 = \Y J Ti = I 

i=l 

The (canonical) quantization of the field leads to the field operator 

f N 

J n=l 



, n)a 



(21) 



(22) 



where a p n and al n obey the bosonic commutator relations 

[tlftn, 4',n'] = V f 1§ (P ~ f) S nn> , [o, a] = [a f , d ] ] = 0. 



The energy-momentum operator Tab is obtained by replacing in Eq. (JTH|) by the field 
operator 0. After some calculation (see Appendix |Bj) , we arrive at the energy density ps 
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and the pressure p?, of the 5D quantized field 0, 

N 



P5 = (0|Too|0) = _J_yd s p5>, (23) 

i 3 i r N -2 

p^Eto) - wmJ^Zb (24) 

i=l v ' n=l 



Regularization 

The momentum integral J d 3 p = An J °° dp-p 2 in Eqs. and ((2H) and thus P5 and ps are 
divergent. We introduce therefore a regularization to obtain meaningful, finite expressions. 
Consider first Eq. (|2*Hj) . Introducing an exponential suppression factor e~^ 2 as regulator 
function for d > 0, we have 



oo 

2 



dp ■ p 2 u) — > / dp ■ p 2 ue ^ 



o 



\m 2 d~ 2 e^ dm ?K x (\d 2 m 2 ) 



4 

= ^d~ 4 + ^m 2 d~ 2 + ^m 4 Q + I 7 _ In 2 + ln(dm)^ + £>(d 6 m 6 ), (25) 

where K n (x) is the modified Bessel function of the second kind of the order n and 7 = 
0,577. . . is the Euler-Mascheroni constant. The limit d — > removes the regulator and 
recovers the divergence. Before taking that limit, a renormalization has to be carried 
out to remove the potentially divergent terms. Alternatively to the exponential regulator 
function in Eq. (|25| . one can also apply dimensional regularization by moving to n space- 
time dimensions. To be specific, 



d 3 p-u — ► fi (4 - n) S(n- 1) ■ / dp-p {n ~ 2) -uo 

Jo 

(^r^-M-i) 



— m 



(47r)-m 4 



[n 



4)- 1 + i 7 + ln Q +0{n-A) 



J n— >4 



where the arbitrary energy scale fi has been introduced to keep the dimension of the whole 
term constant, and S(n) is the surface area of an n-ball. 

For a curved background space-time [22], one would decompose p into a divergent and 
a finite term, so that the former one has the form of a cosmological term in Einsteins's 
equations. Then the divergences would be absorbed into renormalized coupling constants 
(like A), and the finite remainder is called the renormalized energy density or, in our 
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case, the Casimir energy density. Here, such a general treatment is not necessary because 
the divergence also arises in flat space-time, like our M. x iS 1 -manifold, but there are 
neither cosmological terms nor Einstein's equations. In order to get rid of the divergence, 
one simply subtracts the corresponding part of the energy density of the same field in a 
Minkowski-like space-time with the same dimensions, i.e., Ai x IR 1 in our case. This kind 
of renormalization works because the 5D Minkowski space suffers from the same divergence 
as the M. x S 1 space-time but exhibits no Casimir effect. 

Before discussing the details of the renormalization process, we determine the regularized 
form of the pressure p of the 5D quantized field 0. The regularization with the exponential 
suppression factor with d > goes along the same lines as above: 

dp . p iP „ / dp . p zP_ e -(dp? 



h^d- 2 e^ 2 (d 2 m 2 K {\d 2 m 2 ) + (1 - d 2 m 2 )K l {\d 2 m 2 )) 

1 -r-4 1 2,7-2 3 4 ( 7 ,7 



-d" 4 - -m 2 d~ 2 - -m 4 — + ^ - In 2 + ln(dm) + 0(d b m b ). (26) 
2 4 8^122 J 

Notice that when keeping in in Eqs. (|2*51) and (J2Ej) only terms proportional to m 4 lnm, 
we obtain an equation of state p = —p of a cosmological constant. As we will see next, 
the calculation of the Casimir effect on the lattice indeed involves for d — > an exact 
elimination of all terms which are different from m 4 In m thus leaving a finite contribution 
to the cosmological constant. 

Renormalization 

The discrete mode sums for the energy density and pressure in Eqs. lJ2H|l and ((21}) are a 
result of imposing the periodic or anti-periodic boundary conditions on the lattice scalar. 
For a quantized scalar field <p which lives on the lattice in the same volume of space (with 
length R in the fifth dimension) and which does not obey such boundary conditions, the 
energy density and pressure can be written as 

1 r f 2 ' n/a da \c r 1 
1 / j3„ D / Q y 1 / »7 / 



« = 2<wrJ ApR 1 (27) 



o 



where u 2 = p 2 + 2aT 2 (l — cosga) + M 2 . In Appendix El it is explicitly shown how these 
mode integrals correspond to the uncompactified latticized space. To calculate the Casimir 
energy density in M. x «S 1 1 at , we subtract from the energy density of the field subject 
to the boundary conditions the corresponding energy density (|2*7jl of the field without 
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boundary conditions, which gives the renormalized energy density 

1 



P5 



2(2ir) 3 R 
1 



d 6 p 



■ N x 



An 



n=l 
N 



> m 4 lnm- iV • / ds-m 4 ln 



2(2tt) 3 .R 8 

= +R~ 5 S 1 (N), (untwisted) (29) 
where m 2 = 2a~ 2 (l — cosga) + M 2 and where we have introduced the function 



Si(iV) := 



1 



4(2tt) 



-AT 4 - 



N ■ I ds ■ I 1 - cos 2vrs + -a 2 M 2 ) In I 1 - cos 2vrs + -a z M t 



,2 n /f2 



(30) 



In Eq. (|29jl we have first regulated the expressions with the exponential regulator method in 
Eq. (I2H1) before applying the relations as given in Appendix ICl to exactly subtract for d — ► 
all terms of the type 



+ I m 2rf-2 + I m 4 

2 4 8 



1 1 

4 + 2 



7-ln2 + ln(d) + 0(d 6 m 6 ). 



For the renormalized pressure of the quantized field, we apply the corresponding subtraction 
as in Eq. (|2~H1) . i.e., 



P5 



d 3 p 



2(2n) 3 R 

-1 4tt 
2(27r) 3 i? ' Y 



N 



n=l 
N 



^ 3uj I- 



3a; 



m 4 In m — AT ■ / ds ■ m 4 In m 

n=l Jq 



-R'^S^N), (untwisted) 



(31) 



where we again regulated the divergent expressions following Eq. (jzfij) and then exactly 
subtracted for d — > all terms of the form 



idr* - -m 2 d- 2 

2 4 



-m 



l + I 7 -ln2 + ln(^ 



+ 0(d 6 m 6 ). 



Comparision of Eqs. (|29l) and (j31jl shows that the renormalized finite values of ps and p$ 
obey an equation of state p = —p which is that of a cosmological constant and hence, the 
renormalization precedure carried out here actually amounts to a renormalization of the 
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effective cosmological constant in the 4D subspace. As a matter of fact, it is sufficient 
to restrict in the following our considerations to the vacuum energy density alone with 
corresponding statements for the pressure implied. 

In the limit iV — > oo and M s = 0, the function Si(N) converges to the value of a continuous 
5th dimension: 



hm Sx{N) = -777^3C(5)-4. 



1 

AT^So" " ' 4(27T 

By integrating out the 5th dimension, we obtain the 4D energy density 

p 4 = ^ dr-p 5 = R . P5 = —^L = J_. (_o,0787970...). (untwisted) (32) 

In the case of a twisted scalar field everything is like above, but the energy density reads p 5 = 
+R~ 5 S2{N), where S^iV) is the function Si(iV) with n replaced by n — ^. For massless 
fields (M s = 0) we obtain in the continuum limit 

J im .^(A0 = + 77 7^3C(5)-(4-i), 



AT^oo ^ ' 4(2 



and after integrating out the 5th dimension the 4D energy density reads 

15 3C(5) 1 

p 4 = R.p 5 = +-. = _ . ( +0 , 0738722 . . . ). (twisted) (33) 

Obviously, untwisted and twisted fields provide energy densities p 4 of different sign. Note 
that the values for p 4 in Eqs. (|3~2"1) and (|3TS|) agree with the results in Refs. [3THl3^] . 



3.2 The Casimir effect for fermions 

In analogy with the treatment of scalar fields in Sec. 13 . 1| we will now calculate the Casimir 
energy density of Dirac fermions. Therefore, a plane wave Ansatz for Dirac spinor fields $ 
in the Ai x S l manifold is a convenient choice, too: 

^ = ip exp(iu;t — ipx — iqy). (34) 

The boundary conditions, associated with the compactified ^-dimension, provide the dis- 
crete momentum spectra. For twisted and untwisted fields we have q = 2n(n — ^)/(aN) 
and q = 2irn/(aN), respectively. Like in Eq. (jTHI) the coordinate y corresponding to the 
5th dimension is discrete, y = a ■ j, where j = 1, . . . , N, and implies an upper bound for 
the momentum q. 

Unlike the Klein-Gordon equation for scalars fields, the Dirac equation is linear in the 
derivatives, and therefore we need a symmetric derivative operator for the discrete y- 
coordinate: 
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With the Ansatz (JSH) we obtain 

85^ (j) = —Nu ■ exp(— iojt + ipx) [exp(iqa(j + 1)) — exp(iqa(j — 1))] 

= • (+-sin(ga) 

V a 

and together with the 5D Dirac equation 11 for a Dirac field with mass Mf, 

(i 7 A d A -M f )# = 0, A = 0,...,3,5, 
the energy-momentum relation is determined to be 

to 2 = p 2 + m 2 , m 2 := a~ 2 sin 2 qa + Mf. (35) 
The energy-momentum tensor Tab for the Dirac field \l/ has the form 

1 .~ 



T AS = -i[^ A 8 B ^ + ^1b8 a ^ - (8 a ^)jb^ - (d B V)7A% 

and the usual canonical quantization procedure parallels that for scalar fields up to replacing 
the bosonic commutator relations by the fermionic anti-commutator relations, which give 
an overall minus sign in the result. The Dirac fermion also has four times the degrees of 
freedoms of a real scalar, describing particles and anti-particles with two spin states each. In 
total, the energy density p 5 and pressure p 5 of a quantized Dirac field differ from the scalar 
results of Eqs. (|23|) and (f2^|) only by a factor of (—4) and in the modified energy-momentum 
relation of Eq. (|35|) . i.e., 



(2tt) 3 R 



2 N 

I d 3 p • w, (36) 



n=l 
N 



V 



where uj 2 = p 2 + a~ 2 sin 2 qa + M 2 . From here on, the regularization and renormalization 
procedures are identical to the scalar case in Sec. 13.11 This also implies that the equation 
of state of the fermionic vacuum energy is that of a cosmological constant, p = —p. Thus, 
it is sufficient to give the renormalized energy density in five dimensions 



P5 = -W^R 4n l 
= +R- 5 F 1 (N), 



■ N .1 

> m 4 In m — N ■ / ds ■ In m 



11 A 5th Dirac matrix 7 5 := Z7| D has to be introduced, where 7| D is the usual 7 s matrix of the 4D Dirac 
theory (HS1 ■ 
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where the function Fi(N) in the last equation is defined as 



(sin 2 2tt^ + a 2 Ml ) In (sin 2 2vr-^ + a 2 Mj 

71=1 

/ ds • (sin 2 2vr-^ + a 2 M f 2 ) 2 In (sin 2 2tt-^ + a 2 M f 2 ) 

«/ 



- A' • / d.s • (snr 2tt— + <rM'ij ln^sin^vr— + a^M/J , (38) 

with R = Na. For the twisted Dirac field we have 

p 5 = R~ 5 F 2 (N), 

where F 2 (N) is the function Fi(N) with n replaced by n — ~. Unlike the functions 5i j2 (iV) 
for the scalar fields, the functions Fi^(N) for the fermionic fields have two limit points 
each, which depend on whether the number of lattice sites N is even or odd. For massless 
fermions (M f = 0) and even N we obtain 

lim Fx(JV) = -— i_ . 3C(5) • (-32), (untwisted) 

hmF 2 (iV) = _J_.3C(5).(+30). (twisted) 

After integrating out the 5th dimension, the 4D Casimir energy densities read 

32 • 3C(5) 1 

P4 = 4(27r ) 2 y =^-(+0,630376...), (untwisted) (39) 

p4 = ~4 3 (2^ } = h ' ( ~°' 590978 '--)- ( twisted ) ( 4 °) 
In the case of odd N, both functions have the same limit 

lim Fx(JV) = lim F 2 (N) = — ^ • 3C(5), 

N^oo N^oo 4(Z7TJ 

3C(5) 1 , 

This behavior seems to be an effect of the lattice (odd-even artefact |23j), since the analytic 
calculation of Sec.Elyields the same values as for even N. We also notice, that the N — > oo 
limit of the sum of twisted and untwisted results does not depend on whether N is even 
or odd. Therefore, it is reasonable to consider only this sum as a physical quantity. For 
finite N, this odd-even artefact is illustrated in Fig. 03 Note again, that the results for p 4 
in Eqs. (j3~H| and pilj) are identical with the values in Ref. [33J. 
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Figure 3: Illustration of the odd-even artefact for fermion fields. The cases of odd and even iV are 
plotted separately, and the circumference R of the 5th dimension is kept constant. For 
a better representation, we flipped the sign in the results for twisted fields and even N. 
The horizontal lines correspond to the continuum values given in Tabled 

3.3 Summary for massless fields 

The calculations of Sec. 13.11 show that the Casimir effect for a real scalar field in the 
transverse lattice space-time M. x S^ t induces a negative vacuum energy density p and 
therefore a negative effective cosmological constant in the 4D subspace. On the other 
hand, the fermionic Dirac field of Sec. 13.21 yields a positive contribution to the cosmological 
constant. 

We have already concluded that only the sum of twisted and untwisted fields can be re- 
garded as a physical quantity, and we note that its sign is independent of N. Moreover, for a 
constant circumference R and small N, the Casimir energy density Pa{N) in the transverse 
lattice setup has already the same order of magnitude as the energy density p^{N — > oo) 
in the continuum limit. Specifically, for iV > 10 the continuum result is approximated at 
the few percent level. Even for a number of lattice sites which is as small as iV = 3, the 
results differ at most by a factor of 2, which is clearly shown in Fig. EJ 
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p 4 R 4 


untwisted 


twisted 


sum 






-r 16 ^/ij "Js>v u ^ 


16 v^"/ d SWJ 


fermion, N even 


+8-(2tt)- 2 3C(5) 


-f ■ (2vr)- 2 3C(5) 


+ | • (2vr)- 2 3C(5) 


fermion, N odd 


+ ± • (2tt)- 2 3C(5) 


+ i.(2vr)- 2 3C(5) 


+ | • (2tt)- 2 3C(5) 



Table 1: The Casimir energy density p± multiplied by R 4 for real massless scalars and Dirac 
fermions (M Bs f = 0) in the limit of an infinite number of lattice sites (N — > oo). 

In the limit N — > oo (Table [TJ, the results for real scalars are the same as in the non-lattice 
calculation [33,34], but for the fermions there is an extra factor of 2 in the energy density 
of our lattice calculation because of the fermion doubling phenomenon in lattice theory. 
In a calculation for continuous dimensions, one usually expects, from counting degrees of 
freedom, that the energy density for Dirac fermions is (—4) times the value of real scalars. 

Up to now, we have investigated the Casimir effect for Dirac fermions and real scalars 
having twisted and untwisted field configurations. When passing to a complex scalar field 
which transforms under a 17(1) gauge group there exist only trivial (untwisted) structures 
and therefore the charged scalar obeys only periodic boundary conditions. For fermions, 
on the other hand, the appearance of twisted field modes is related to the double covering 
map SL(2, C) — ► 5*0(3,1) which gives rise to inequivalent spin connections [HT]. Conse- 
quently, even in presence of a simply connected gauge group like U(l) we still have also 
the anti-periodic boundary condition for the fermions. 



3.4 Exponential suppression by a kink mass 

So far, we have given results only in the case of vanishing kink mass (M 8j f = 0). For massive 
five dimensional fields we observe an approximately exponential suppression of the Casimir 
energy. This behavior becomes obvious in the analytical calculation for a continuous extra 
dimension, which is given in Sec. El But it is also achieved for the latticized case of Sec. 
where in the limit of an infinite number of lattice sites (N — > oo) we approach the values of 
the analytical formulas lJ5Tj) and (|52l) . To investigate the suppression behavior depending 
on the mass M Sj f and the number N, we examine the ratio between the energy density of 
fields with mass M s f and that of massless fields. For scalar fields this ratio is defined by 

Si(M B i?) + S 2 (M B R) 

S 1 (0) + S 2 (0) ' 1 ' 

where the functions Si^N) are taken from Eq. (|3T)1) of Sec. 13.11 Analogously, using the 
functions F^^N) from Eq. (|38|) of Sec. 13.21 the ratio for fermionic fields reads 

Fi(MfR) + F 2 (M f R) 

F 1 (0) + F 2 (0) • [ ' 
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Figure 4: The Casimir energy densities for fermions (upper graph) and real scalars (lower graph). 

In this plot, R is fixed so that the lattice spacing decreases for increasing N. The dashed 
horizontal lines denote the continuum limit TV — ► oo, which has for scalars the value — yg 
and for fermions +i. 



Both ratios are plotted in Fig.G3for a range of values of N and M a jR. The suppression by a 
kink mass is most minimal for small N. In the case of N = 3 lattice sites, the corresponding 
ratios are given in Table EJ 



4 Zero-point Energy in Deconstruction 

We will now determine the finite value to the formally infinite vacuum energies of the 4D 
quantum fields in deconstruction. In the non-linear sigma model approximation, decon- 
struction yields a transverse lattice description 12 of the M. x «S 1 1 at space-time for which we 
have already calculated the Casimir energies of different fields species in Sec. El Then, 



12 The transverse lattice can, in general, respect perturbative unitarity up to energies y/s > 2-kN/R 36j. 
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Figure 5: The ratios in Eqs. (|4~T|) and (|4~2|) of the Casimir energy density between massive and 
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and 



M g , f i2 


1 
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100 
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10 5 


Scalar 


0,61 


1,5 • 10" 4 


2,9 ■ 10~ 12 


3,0- KT 20 


3,0-10" 28 
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Fermion 


0,74 


3,5 • 10" 2 


3,7- 10" 4 


3,8- 10" 6 


3,7- 10" 8 


3,7- 10" 10 



Table 2: The exponential suppression factors in Eqs. ifiTj) and |J32|) of the Casimir energy densities 
for iV = 3 lattice sites, where M S) f denotes the kink masses of the quantum fields. 



field 


inverse lattice spacing a 1 


kink mass M 


MR 


scalars $j 


M b ~ 10 4 - 10 5 eV 


m ~ 10 2 GeV 


N ■ 10 6 


gauge bosons A; 


u ~ 10" 2 eV 


v ~ 10 2 GeV 


iV • 10 13 


fermions 


u ~ 10" 2 eV 









Table 3: The fields which can be interpreted as KK modes of a 5D field on a transverse lattice. 

The kink mass is denoted by M, and R = Na is the circumference of <S lat with N sites and 
a lattice spacing o. For large values of MR the Casimir effect will be highly suppressed, 
see Fig. 0and Table H 
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by correspondence with the parent 5D theory, we are in a position to adopt the renor- 
malization procedure from the Casimir effect of a 5D quantum field to renormalize the 
divergent vacuum energies of the associated 4D effective KK modes in the deconstruction 
setup. Specifically, in the model of Sec. all fields, except the fermionic ones, have large 
kink masses. As a result of Table 01 and Sec. 13.41 the Casimir effect is therefore highly 
suppressed only for the bosons. Consequently, the fermionic fields ^ (i — 1, . . . , N) pro- 
vide the dominant part to A, and their total vacuum energy density is given by the sum of 
zero-point energies 

2 N r 

P = -J^Y, /dWp), ( 43 ) 

^ ' 71=1 J 

where the nth field has a mass M n and momentum modes with energy 

u n (p) = Vp 2 + mI 

We will now show that the masses M n follow exactly the momentum spectrum of the 5D 
fermion field in Eq. (|35|) . implying that the expression in Eq. (|l3f becomes identical with 
the effective unrenormalized Casimir energy density obtained from Eq. (|36)1 . This clearly 
reflects also on a formal level the correspondence between the deconstructed and the 5D 
theory, by which we can apply the Casimir renormalization techniques of Sec. El to the 
energy density p in Eq. (|4*Tfl) . To this end, we consider first the kinetic term in Eq. (jT3j) . 
When the link fields Qi acquire universal VEVs u after SSB, Cmaat^uQ^ takes the form 

JV 

£mass[^, Qi] -> ~ • £}*nL [*(n+l)R ~ *(„-l) R ] + h.C, 

71=1 

where ^ n h,R = |(1 T 7s) are the left- and right-handed chiral components of the Dirac 
spinor = (* nL , ^ nR ) T . The sum in £ mass [\I>i, Qi] contains "boundary terms" -f *il*or 
and | ^ nl^ (n+i)r, where ^ 0R and \P(jv+i)R are defined by 

^ mN+1 =T m -y 1 and y = T m -V mN , m E Z, 

where we distinguish between untwisted (T = +1) and twisted (T = —1) fermionic fields. 
Note that this is the discretized version of the continuum boundary condition 

*(y + mR) = T m ■ *(y), m G Z. 

Now, the Lagrangian in matrix form reads 

N 
n,k=l 
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where the mass matrix M n k and its square M 2 = MM^ = M^M are explicitly given by 



M 



u 
2 



+1 
-1 



-T 



-1 



+T 



+1 
-1 



M 



u 

T 



2 


-1 



-T 





2 




-1 

2 

-1 



-T 



-1 




-1 



-T 



2 

-1 




2 






— T 



-1 

2 



The squared masses m 2 of the fermions are found to be the eigenvalues of M 2 . Thus, the 
mass spectrum for untwisted fields reads 



m 2 = u 2 sin 2 2ir— , n 
N 



and for the twisted fields we obtain 



n 



m 2 = u 2 sin 2 27r — — 



n 



,N, 



which is consistent with the results in Ref. [2SJ - Note that only for odd N, both spectra 
become identical, which has already been discussed in the context of the odd-even artefact 
in Sec. 13.31 With these mass spectra the Casimir energy of the fermions is (—8) times the 
Casimir energy of a real scalar, whereas in a non-lattice calculation the energies differ only 
by a factor of (—4) (see Sec. 13.31) . This comes again from the well known phenomenon of 
fermion doubling in lattice theory. One way to remove this problem is to add a Wilson 
term to £ maS s[^hQi] m Eq. (JTSJ) - This then modifies the Lagrangian in Eq. (|T3l : 



u 



N 

E 

n=l 



(44) 



which, after SSB, yields the mass matrix M. The squared masses m n of the fermions are 
now the eigenvalues of M 2 : 



M = u- 



-1 +1 
-1 +1 



+T 







-1 +1 
-1 



M = u ■ 



2 -1 
-1 2 



-T 



-1 



2 
-1 



-T 



-1 

2 



For the untwisted fields we get 



n 



m z n = 2vT A ( 1 - cos2vr— ) , n = l...N. 



(45) 
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and for the twisted ones n is replaced by n — |. These mass spectra are identical with the 
mass spectra of real scalars and yields the usual (continuum) factor (—4) in the vacuum 
energy density between the two field species. The Wilson term successfully prevented the 
fermion doubling. Looking at the above mass spectra, we remark that the spectrum (|45|) for 
scalars and Wilson-modified fermions does not contain a zero mode in the case of twisted 
fields. 

The Wilson term in Eq. (EP^I involves explicit Dirac mass terms of the type u ■ ^L^nR- Let 
us now examine a possibility to generate such small Dirac masses u ~ lCT 2 eV in a natural 
way. For this purpose, we assume two extra SM singlet scalars Q and $ , where Q has the 
large mass M ~ 10 8 GeV and $ has the mass m ~ 10 2 GeV. Also, Q and $ are singlets 
under the product group U(1) N . Next, we suppose a discrete Z 2 n symmetry acting on the 
fields as follows: 

Z 2N : $ n - ^ ntN ■ $ n , Q n ^e^ N -Q n , vD nL - e~^' N ■ t> nL , 
$ ^e^ N -%, Q -^e^ N -Q , n = l,...,N 

All Yukawa interactions of the type ^ ulQI^ (n+i)^/ u are left unaffected by this symmetry 
in the Wilson term which forbids all explicit mass terms. The only Yukawa interaction 
which is, in addition, allowed by the i^-symmetry is of the form ^ulQI^ur, coupling 
left- and right-handed states sitting on the same lattice site. Schematically, in presence of 
the fields Qo and $o, the potential in Eq. ((H) is modified as follows: 

V _> V + m ^ + M 2 QlQ + Iai($S$ ) 2 + \hQIQo) 2 

N 
N 

+(A 3 $J$ + A4Q0Q0) ( 46 ) 

3=1 

where Ai, . . . , A 4 are order unity coefficients. It is thus seen, that the interactions of the 
scalars Q and $ also reproduce the structure of V which is relevant for the type-II seesaw 
mechanism. We therefore expect the mechanism in Sec. [2] for generating sub-mm lattice 
spacings to be valid (at least qualitatively) also for the modified potential in Eq. (J3B|- 
From this we find, that the choice m 2 < and M 2 > leads to VEVs of the orders ($0) ~ 
10 2 GeV and (Q ) ~ 1CT 2 eV. We hence conclude, that a small Dirac mass u for the 
mass terms u ■ $ nL $ nR in Eq. fjlj) can be generated spontaneously from the Yukawa 
interaction ^nhQo^nR in a natural way thereby providing an understanding of the mass 
scales involved in the Wilson term. 

The discussion of mass spectra can be easily repeated for the bosonic fields in the model 
as well. Therefore, we identify the physical vacuum energies of the fields in the model of 
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dimensional deconstruction of Sec. 01 with the finite Casimir results of the calculation in 
Sec. 131 In Table 03 we give the relevant quantities for the vacuum energy suppression of the 
fields. Consequently, the Casimir energies of the scalar and vector fields can be neglected 
due to their large kink masses of order 10 2 GeV. In contrast to this, the fermionic fields 
with KK masses of the order of the small VEV u ~ 1CT 2 eV from Eq. (JOJ) induce a positive 
contribution to A which is of the observed order of magnitude already for a small number 
of N < 10 lattice sites. Finally, it should be noted that we determined only the vacuum 
energy contributions of quantum fields to A, not its absolute value. 



5 The Casimir Effect in the Continuum 

In this section, the Casimir effect for a continuous extra dimension will be investigated 
analytically, where we put special emphasis on the dependence on the mass of the quantum 
field. In the continuum case, there is no difference in the momentum sums/integrals between 
fermions and scalars, in both cases the energy function 10 has the form 



J 1 = p 2 + q 2 + M 



where q = 2nn/R and q = 2n(n + \)/R for untwisted and twisted fields, respectively. 
We also have to consider negative and unbounded momenta q in the mode sum. So the 
unrenormalized energy density is 



p oc 



/oo 
d 3 p 



After the regularization used in Eq. (|25|) of the J d 3 p-integral, the remaining sum over the 
discrete five-momentum q = 2nn/R can be calculated by using the Abel-Plana formulas [38J 
renormalization prescription: 

£ /(-> - [ * • /(«) - > + < [ * ■ ^l^:' ^ 



n=0 



£/("+!)- [" * •/(») = ^ f * ■ f ™J™ . («) 



n=0 



^0 



The subtraction of the integral on the left hand side corresponds to the subtraction in the 
first line of Eq. ([2~H|) . In the case of untwisted fields we have 

OO /»00 

A := m 4 (n) ln[m(n)] — / dn ■ m 4 (n)ln[m(n)], 
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where m(n) = Vk 2 n 2 + M 2 and k := 2w/R, and with the first Abel-Plana formula p7j) we 
rewrite this difference: 

00 m 4 



A = 2i dn 



l+in) ln[m(+in)] — m 4 (— in) ln[m(— in)] 
exp(2im) — 1 

Assuming k,n,M > 0, we must consider two cases for the root m(±in): 

1 _ / (M 2 - k 2 n 2 )\ for M > kn, 
±i(k 2 n 2 - M 2 )^ for M < kn. 



[k 2 (±in) 2 + M 2 ] 



For a > we can write the logarithm as ln(±z • a) = ±in/2 + In a, and with x := M/fc we 
obtain the result 

(n 2 - x 2 ) 2 



A(M) = -2ttA; 4 / dn^- r-<— , (49) 

1 ^ A exp(27rn)-l' 1 J 

which has, in the massless case (x — 0), the value 

A = -2vrfc 4 ^ • C(5) = -8iT 4 3C(5). 

For twisted fields we have to use the second Abel-Plana formula (jIHJ). Analogously, we 
write 

m 4 (+in) m[m(+m)] — m 4 (— in) ln[m(— in)] 



B(M) = -2i / dn 



00 



exp(27rn) + 1 



using m(n) = \Jk 2 n 2 + M 2 , and not m(n) = yk 2 (n + |) 2 + M 2 . Thus, the result becomes 

B{M) = +27ik 4 / dn I" V ( 5 °) 
v ; 7^ exp(27m) + l v ; 

where the value for massless fields (x = 0) is 

45 1 5 

5 = +27rfc4 64^- c(5) = y i? " 43C(5) - 

For large masses (x ^> 1), approximate expressions for A(M) and B(M) can be given by 
neglecting the 1 in the denominator of the Eqs. (|49| and ijHUjl : 

- (n 2 -x 2 ) 2 x »i f°° J (n 2 -x 2 ) 2 4vrV + 6ttx + 3 „ 
dn — ; , - ~ / dn — — - = — e . 



exp(27rn) ±1 J x exp(2irn) 47r 5 

This shows the (approximately) exponential suppression of the Casimir energy by the field 
mass M = xk. Using Eqs. (|29|) and (|4~9"jl the effective energy density p 4 = Rp for untwisted 
scalar fields is given by 

P4 = ^i'MM) M = -1 • (2tt)- 2 j R- 4 3C(5), (51) 

and with Eq. jSD]) we obtain the result for the twisted fields: 

P4 = M =° +^ • (2vr)- 2 J R- 4 3C(5). (52) 

The energy densities for Dirac fermions are just (—4) times the values for the real scalars. 



29 



6 Summary and Conclusions 



In this paper, we have shown a way how to calculate finite zero-point energies of 4D quantum 
fields which have a higher-dimensional correspondence in deconstruction. In particular, we 
constructed a 4D U(1) N model which mimics a latticized large extra dimension with lattice 
spacings a in the sub-mm range. The vacuum energy of the fermions in our model gives rise 
to a small and positive contribution p ~ (iVa)~ 4 ~ (lCT 3 eV) 4 to the cosmological constant 
in agreement with recent observations. The negative contributions of the scalars and gauge 
bosons, on the other hand, are exponentially suppressed by large kink masses. Here, we used 
the correspondence between the 4D zero-point energies and the unrenormalized Casimir 
energy of 5D quantum fields in a geometric transverse lattice space-time. With inverse 
lattice spacings in the sub-eV range, our mechanism allows to dynamically generate a large 
compactified extra dimension with only a small number of lattice sites. This is achieved by 
giving the link fields a large mass of the order 10 8 GeV and a bulk scalar with kink mass in 
the electroweak range. Alternatively, this scalar can also be interpreted as a link variable in 
a space which is topologically a disk. The Casimir effect on the transverse lattice has been 
investigated for scalar and fermion fields in more detail, thereby taking into account twisted 
and untwisted field configurations which arise in multiply connected space-times. For the 
fermions, we observed an odd-even artefact in the Casimir energy which disappears when 
taking the energy sum of twisted and untwisted fermionic fields. Moreover, due to the naive 
discretization procedure, we also encountered the effect of fermion doubling, which has been 
removed by the usual Wilson modification of the fermionic kinetic terms. Furthermore, the 
suppression of the Casimir effect by a kink mass has been shown for fields on the lattice and 
in the continuum. Although, this has been utilized only to neglect unwanted contributions 
to the vacuum energy, it could also be used to generate tiny energy values for quantum 
fields in small extra dimensions. The combination of methods and mechanisms employed 
in this work may be generalized for other purposes, and a deeper discussion of vacuum 
energy in non-trivial topologies poses a task in the future. 
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A Minimization of the Potential 



We will minimize the scalar potential V in Eq. (JTJ by going to the real basis in Eq. (J2J). In 
this parameterization, the term /i$j_iQi$J in Eq. (|T} reads 



+ - C-i??$ + 0-)] • 

Also, the term A6(Qj<5j+i)($j$j +2 ) in Eq. (JTJ is given by 



Xe(QiQ i+ i)(^M. 



+2) 



-(fei + ^m)(0-0 a 



i+2 



i+2 



+iA 6 [(^-fe)^: 

+ (rf&l + <^ + l)(CC +2 + M+2 



(53) 



(54) 



Then, the scalar potential in Eq. ((H) can be written as 



N f 1 

7 = | m 2 [(C) 2 + ($) 2 ] + M 2 [(gf) 2 + (g*) 2 ] + ^Ai [(C) 2 + (#) 2 ] : 



i=l 



+2^ [(s?) 2 + (rf) 2 ] +a 3 [m 2 + a 6 ) 2 ] 



JV 



+A 4 [(C) 2 + (0-) 2 ] 



+A 5 [te a ) 2 + [if] 



Be) 2 + (0}) s 



+/i [C^i^+i - <feC +1 + <fei$ + i + 
+^A 6 [(gt 2 <zti " ^liXC^C + $-2$) 
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1+2) 



b 1 

i+3J 



-(^l?r+2 + ^l9i + 2)(^+lC+3 - } 



(55) 



where we have symmetrically reorganized the sum, such that all operators carrying the 
index "z" are explicitly displayed 13 . We are interested in a minimum of V with a vacuum 
structure as given in Eq. (JHJ), i.e., all link variables Qi have a real universal VEV u and all 
fields $j have a real universal VEV v. From Eq. (|55|) we obtain 



dV 



2m 2 $ + 2Ai 



a\2 



+ (0-) 2 ] # 



+2A 3 



N 



+ 2A 4 c 



B0?) 2 + (<# 



1 



+0 a 6 [(rf^ - qU b l+l )€ + 2 + {qhi+x + qh 



(56) 



«9K 



+2A 3 



2V 



+ 2A 4 



£w 2 + W 



+-a 6 [( g t2d - <&.2<t-i)<i>U + (qUqU + qUqli)<PU] 



(57) 



which gives for the VEVs in Eq. (JBJ) the minimization condition 



m 2 + [Ai + (N - 1)A 4 ] + (iVA 3 + -A 6 )u 2 + 



13 



To avoid double-counting, the coefficients pi and Xq have been given pre-factors | and 4, respectively. 
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and (dV/d4>i) = is automatic for these VEVs. The partial derivatives for the link fields 
Qi are 



dV 
dqf 



and 



dV_ 



2M 2 q? + 2A 2 [(q?) 2 + (ql) 2 } q? + 2Asrf 



N 



ew 2 + 



1 



2M\ 6 + 2A 2 [(gn 2 + (g? ) 2 ] 9* + 2A 3 tf 



N 



5>D 2 + W 



i=i 



+Ai(-#-i# + + 2A 5 g, fe 



+2^ [-gli(CC +2 + <M +2 ) - - 0>i +2 )] , 

which leads for the VEVs in Eq. Q to the minimization condition 



M 2 + (A 2 + (N - 1)A 5 ) u 2 + (iVA 3 + -A 6 )v 2 



+ 2^ = °> 



and {dV/dq'l) = is again satisfied for these VEVs. 



(58) 



(59) 



B Energy density and pressure of the quantized scalar 
field 



In Sec. 13. 1| we have introduced a real 5D bulk-scalar propagating in a M. x S\ AX manifold. 
To normalize the field modes in Eq. l[THJ) . we define the following scalar product for two 
modes 0i, 2 (p, n) by 



n,<P2 



N 
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so that the normalization factor A can be fixed by demanding the orthonormality relation 

where V3 is an arbitrary 3-volume factor, which leaves the scalar product dimensionless. 
With the Ansatz in Eq. JTHJ), we find 

1 



2u{2-nfV z R ) 



(60) 



where we have applied the relations 



/ d 3 x ■ exp(ix(p — p')) = (2tt) 3 5^ 3 \p — p') and exp I 2ni 
J j=i \ 



n — n 



N 



j = N5 nn >. 



Now, the 00-component T Q0 and the averaged ^-components | Y^h=i Tu of the energy- 
momentum operator Tab follow from substituting the field operator in Eq. into 
Eqs. (J2*0"J) and (J2TJ. Here, it is useful to consider the relations 



(^) f (a 5 0) 



V 3 2 / d 3 p / d 3 p' [ d o0(P> n ) a P,n-d o <j)(p\nyal, nl 
J J n,n'=l 

N 

V 3 / d 3 pJ2 A ] A-uo 2 + --- 

J n=l 

N 

V 3 / d 3 P J2 A^A-p 2 b + --- V6 = l,2,3 

n=l 
N 

V 3 / d 3 p A* A ■ 2a" 2 (l - cos qa) + ■ ■ ■ , 

J n=l 



+ 



(61) 



where the ellipses (• • • ) denote the terms which vanish in the VEVs (0| Tab |0) due to (0| = 
a |0) = 0. When we insert the terms in Eqs. (|6T|) into Eqs. ([25} and {21}, one obtains, after 
taking the VEVs of T 00 and the energy density p 5 and the pressure p 5 of the quantized 
field </>, 



P5 



Too |0) 



1 3 

P5= oE(°l T -l°) 



1=1 



V 3 / d 3 pj^ AU- 

n=l 

JV 

^ 3 / d 3 pj^ AU-a 

n=l 

JV 

^3 / d 3 p^ ^ f ^- 

n=l 



\j 2 + ip 2 + - ■ 2a- 2 (l - cosga) + ^M 2 



' 2 ' L> ' t2 ^2a" 2 (l - cosga) - ^M 2 



-p H — to p' 

3 F 2 2 F 



N 



n=l 



3cu 
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where we have used the energy-momentum relation uj 2 = p 2 + 2a 2 (I — cos qa) + M 2 . With 
the normalization factor A in Eq. (jHUjl we finally arrive at the Eqs. (J2*3*J) and J2i 



C Renormalization 

To gain the finite and unambiguous Casimir energy density, it is necessary to compare the 
discrete mode sums belonging to the momenta in with the energy density and pressure 
of a field in a space-time with a non-compactified extra dimension. Regarding Eqs. lj2HJ) 
and (j2*KJl . the mode sum with respect to the 5th momentum coordinate q = 2nn/(aN) is 
of the type 

N 



n=l 



where f(n/N) summarizes the terms in the last line of Eq. (|25jl . From this sum, the mode 
integral corresponding to a non-compactified M 1 -dimension can be obtained by cutting out 
a section of length R of an M 1 -dimension. This means, that we take the limit of an infinite 
number M of lattice sites, M — > oo, while keeping the spacing a constant: 



R 



ai 



— Yf- 



n=l 



n 
M 



M^oo 



R 

a 



' M A 

EAn / n 

n=l 



=n/M 



M^oo 



N- / ds-f(s) 



where Ma becomes the infinite "length" of R 1 and f(s) is the same function as in the <S^ t 
mode sum. In the last equation, we have substituted s := n/M and inserted An = 1 so 
that ds = An/M for M — > oo. Both the sum and the integral are finite since the lattice 
introduces an UV cutoff. Then the renormalization is performed by subtracting the integral 
from the sum, 



N i N „] 

EU^)-^-/ d S -/( S ) = ^m 4 lnm-iV. / 

71=1 ^ 71=1 ^ 

where only m 4 In m survives since all other terms 



ds • m 4 lnm, 



-cT 



H — m d 
4 



H — m 



1 1 
- + -7 

4 2 1 



ln2 + ln(d) ) +0{d & m^ 



(62) 



of Eq. (1251) either vanish when the regularization is removed for d 
subtracted due to the following identities: 



or are completely 



N 

£< 

71=1 



cos2vrf + \a 2 M 2 ) 



N- ds-(l-cos2ns + la 2 M 2 ) = N(l + U 2 M 2 ), (63) 
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N ! 

5^(1 - cos 27rf + ±a 2 M 2 ) 2 — N- ds- (1 -cos 2vrs + ±a 2 M 2 ) 2 = 7V(§ + a 2 M 2 + (±a 2 M 2 ) 2 ). 

n=l " • / " 

(64) 

This is also the case for twisted fields, where n is replaced by n — \. 
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